The kinetic Sunyaev Zel'dovich (kSZ) and polarized Sunyaev Zel'dovich (pSZ) effects are temperature and polarization anisotropies induced by the scattering of CMB photons from structure in the post-reionization Universe. In the case of the kSZ effect, small angular scale anisotropies in the optical depth are modulated by the cosmic microwave background (CMB) dipole field, e.g. the CMB dipole observed at each spacetime point. In the case of the pSZ effect, similar small-scale anisotropies are modulated by the CMB quadrupole field, which receives contributions from both scalar and tensor modes. Statistical anisotropies in the cross correlations of CMB temperature and polarization with tracers of the inhomogeneous distribution of electrons provide a means of isolating and reconstructing the dipole and quadrupole fields. In this paper, we present a set of unbiased minimum variance quadratic estimators for the reconstruction of the dipole and quadrupole fields, and forecast the ability of future CMB experiments and large scale structure surveys to perform this reconstruction in the cosmic variance limit. Consistent with previous work, we find that a high fidelity reconstruction of the dipole and quadrupole fields over a variety of scales is indeed possible, and demonstrate the sensitivity of the pSZ effect to primordial tensor modes. Using a principle component analysis, we estimate how many independent modes could be accessed in such a reconstruction. We also comment on a few first applications of a detection of the dipole and quadrupole fields, including a reconstruction of the primordial contribution to our locally observed CMB dipole, a test of statistical homogeneity on large scales from the first modes of the quadrupole field, and a reconstruction technique for the primordial potential on the largest scales.
I. INTRODUCTION
The secondary Cosmic Microwave Background (CMB), temperature anisotropies induced by the scattering of CMB photons by mass or free charges, is becoming an important new frontier in observational cosmology. Unlike the primary CMB temperature anisotropies, which are mostly due to inhomogeneities near the time of last scattering, CMB secondaries are induced by inhomogeneities through much of the volume of the observable Universe. Therefore, CMB secondaries can in principle be a far more powerful direct probe of the large-scale homogeneity of the Universe than the primary CMB (see e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] ), and possibly shed light on a number of outstanding low-significance large-scale anomalies in the primary CMB (see e.g. [10] for a recent review). The rapid development of detector technology in CMB experiments and the deployment of redshift surveys of increasing size and quality has in recent years driven the first detections of a variety of CMB secondaries (directly and in cross correlation) such as CMB lensing [11] [12] [13] [14] [15] (the scattering of CMB photons from mass [16] [17] [18] ), the thermal Sunyaev Zel'dovich effect [19] [20] [21] [22] [23] (spectral distortions of the CMB from scattering CMB photons off hot gas [24] ), and the kinetic Sunyaev Zel'dovich effect [25] [26] [27] [28] [29] [30] (the scattering of CMB photons from the bulk motion of free electrons [31] ). Excitingly, next-generation CMB experiments (e.g. CMB Stage 4 [32] ) in cross correlation with next-generation redshift surveys (e.g. LSST [33] ) will yield a drastic improvement in the measurement of these and other secondary effects.
In this paper, we focus on two CMB secondaries: the kinetic Sunyaev Zel'dovich (kSZ) effect and the polarized Sunyaev Zel'dovich (pSZ) effect. The kSZ effect is a temperature anisotropy induced by the bulk motion of free electrons during and after reionization relative to the CMB rest frame. The contribution from a given location at a given redshift is therefore proportional to the locally observed CMB dipole. The pSZ effect is a polarization anisotropy induced by the scattering of CMB photons in the presence of a quadrupolar radiation field. The contribution from a given location at a given redshift is therefore proportional to the locally observed CMB quadrupole. In the CMB, both of these effects are given by line-of-sight integrals. However, the redshift dependence can be extracted by direct cross correlation with tracers of large scale structure. This technique is known as kSZ [4, 29, [34] [35] [36] [37] [38] [39] [40] [41] [42] and pSZ tomography [43, 44] . In both kSZ and pSZ tomography, the remote dipole and remote quadrupole fields, respectively, are encoded in characteristic statistical anisotropies in the cross correlation.
In previous work [42, 44] , the authors introduced a set of estimators to assess the promise of kSZ and pSZ tomography to measure the remote dipole and quadrupole fields. These estimators did not include the full correlation structure of the signal, and therefore missed some of the available signal-to-noise. In addition, the specific estimator introduced in Ref. [44] for the remote quadrupole field relied only on an E-mode polarization signal, while different estimators which take advantage of a contribution to the B-mode polarization signal exist as well [43] 1 . In the case of the pSZ effect, previous work has assessed the ability of polarization measurements in the direction of clusters to reconstruct the quadrupole field and underlying primordial potential [1, [45] [46] [47] [48] [49] [50] [51] .
In this paper, we extend previous work by defining a set of quadratic estimators for the remote dipole and quadrupole fields. Similar quadratic estimators have been defined for the lensing potential [52] [53] [54] , where they played a key role in the first detections of CMB lensing. Other applications have included patchy screening and patchy reionization [55] [56] [57] . A set of quadratic estimators for the pSZ effect first appeared in Ref. [43] , where the primary goal was to assess how useful pSZ tomography is for the detection of primordial gravitational waves. A set of optimal estimators for kSZ tomography was developed for several specific scenarios including the detection of large bulk flows [40] and cosmic bubble collisions [41] . The main contribution of this work is to present a completely general set of quadratic estimators for the remote dipole and quadrupole fields within a unified framework including scalar and tensor perturbations, to discuss the information content of the reconstructed fields using a principal component analysis, and to discuss a few first applications of measurements of the remote dipole and quadrupole fields to fundamental questions in cosmology. This paper also lays the foundation for a complete forecast of parameter constraints from measurements of the remote dipole and quadrupole fields, which we present elsewhere.
The plan of the paper is as follows. In Sec. II we first review the cross correlation between CMB and large scale structure induced by the kSZ effect. Then we derive the quadratic estimator for the dipole field. Finally we forecast the signal-to-noise for a representative set of experimental configurations. In Sec. III we apply the same methodology to the pSZ effect, deriving optimal estimators for the remote quadrupole field based on CMB E-modes and B-modes and forecasting the signal-to-noise. In Sec. V we give an initial discussion of cosmological applications of these estimators, including the reconstruction of the primordial potential on large scales. We conclude in Sec. VI. A set of appendices summarize the properties of the dipole and quadrupole fields.
II. QUADRATIC ESTIMATOR FOR THE EFFECTIVE DIPOLE FIELD
The kSZ effect is determined by the locally observed CMB dipole, and can therefore be used to measure the remote CMB dipole field, e.g. the locally observed CMB dipole as a function of space and time. While the total kSZ signal is dominated by the Doppler effect from local velocity perturbations, on large scales it can reveal bulk flows, statistical anisotropies, and information about the local primordial CMB dipole. The kSZ is therefore an interesting probe to get more information about the largest scales in the universe. We have studied the different small-scale and large-scale contributions to the kSZ in detail in [42] . Here we adapt the well-known quadratic estimator methodology to the reconstruction of the remote CMB dipole field via the kSZ effect. The quadratic estimator is optimal (in the sense that it is unbiased and gives the minimum variance reconstruction) and better suited for data analysis than the estimator presented in [42] .
A. Cross correlation induced by the kSZ effect
The temperature perturbation due to the kSZ effect along the line of sight n is given by
where v eff ( n, χ) is the CMB dipole projected along the line of sight, χ is comoving distance, and n e ( n, χ) is the electron number density. We bin this equation in red shift shells (bins) α as
We are interested in the large scale dipole field, as opposed to the small scale velocity perturbations responsible for most of the kSZ signal. We therefore split up the dipole field into its mean over each binv α eff ( n) and the small-scale dipole field δv eff ( n, χ α ), which varies over the bin
We discuss the bin averaged dipole field and its power spectrum in detail in Appendix B. We also write the electron density n e ( n, χ) as its angular average plus a fluctuation term:
From Eq. (2) it follows that there is a contribution to the kSZ temperature anisotropies due to the mean fieldv eff given by
where we defined anisotropies in the optical depth of the redshift bin by
There is an additional contribution from the isotropic optical depth which does not contribute significantly to the cross correlation we study below, and hence forward neglect. Our estimator is based on the cross-correlation of the CMB temperature multipoles a T m with the matter distribution, here assumed to be an unbiased tracer of ∆τ α m . Within a redshift bin, we expect the average dipole field to form the dominant contribution to the cross correlation, since the small-scale variations in the dipole field will cancel along each line of sight. The kSZ contribution to this cross correlation from the bin averaged dipole field is
We are interested in broad redshift bins, so that to good approximation ∆τ
. With this simplification we obtain
where we defined the coupling
Therefore, the statistics of the small-scale field are modulated by the bin-averaged dipole field.
B. Estimator and variance of the dipole field
The induced cross correlation of CMB temperature and matter allows a quadratic estimator of the mean dipole fieldv α eff, m of form
To find the optimal weights, we need to minimize the variance with respect to the weights, subject to the constraint v 
where we considered the leading Gaussian contribution to the variance, whereC T T includes the relevant contributions to CMB temperature, foregrounds, and instrumental noise, and whereC ∆τ ∆τ α, includes the matter power spectrum and shot noise. This optimization can be implemented using a Lagrange multiplier and gives the optimal estimator
where
The signal and noise in our analysis are defined as follows (see [55] for a similar discussion in the case of the patchy-τ estimator). The two-point function of v eff, m is the sum of two terms:
The first term v * α 
This is the expected "number of sigmas" for a detection of a dipole field modulation of this mode. To make a map (as opposed to an overall detection), one roughly needs a mode-by-mode signal-to-noise bigger than unity. To get the signal-to-noise in all modes combined, one has to take into account the signal correlation in redshift space (see Appendix B).
C. Signal-to-noise forecast
We now forecast the signal-to-noise of the estimator Eq. (13) for a cosmic variance limited experiment that traces ∆τ α m and a T m up to max for the signal and noise models specified below.
Dipole field signal model
We are using the ΛCDM dipole field calculation from [42] , which we recall here briefly. The primordial potential Ψ i (k) is related to the multipole moments of the dipole field as a function of comoving distance by
An explicit expression for the transfer function ∆ v (k, χ) is given in Appendix A, and an extended discussion can be found in [42] . The mean dipole field signal power spectrum Cvv is then given by
where we have defined the bin averaged transfer functions
In Appendix B, we study the effect of binning by comparing the averaged and un-averaged dipole field power spectra. For the lowest multipoles, where mostly long-wavelength modes are already extracted from the spherical harmonic transform, the correlation length of the un-averaged dipole field is significant (see Fig. 5 ), and there is little difference between the power in the averaged and un-averaged dipole fields even for wide redshift bins (see the left panel of Fig. 6 ). For higher multipoles, where the correlation length of the un-averaged dipole field is not as long, the signal can be significantly affected by binning, unless a fine binning can be chosen (see the right panel of Fig. 6 ).
Noise model
The expression for the noise power spectrum Nvv has been given in Eq. (14) . It depends on the measured CMB and matter power spectraC T T andC ∆τ ∆τ . The CMB power spectrum includes primary CMB, lensing and small scale kSZ. The ∆τ power spectrum is given by:
We assume that the electron distribution traces the dark matter, and neglect bias, in which case the matter power spectrum of the electron distribution is given by
where P δ (k, χ) is the non-linear matter power spectrum. Using the Limber approximation we find
where the top-hat window function selects the redshift bin (χ α min , χ α max ).
Forecast
Armed with expressions for the signal and noise power spectra, we can calculate the signal-to-noise per mode from Eq. (16) in each redshift bin. In this work, following [42] , we consider six redshift bins of equal width in χ covering the range 0 < z < 6 as given in table I. We assume that we want to reconstruct dipole field modes (the non-statistical field) up to = 100, while we use smaller scales > 100 as the statistical field that contains the small scale correlation. We assume a cosmic variance limited experiment up to max = 3000 for both CMB and matter measurements. That means that the sums in Eq. (13) and Eq. (14) run from min = 100 to max = 3000 (the signal to noise is not sensitive to the lower bound). With these parameters, we obtain the cosmic variance limited signal to noise per mode in Fig. 1 . We conclude that the large-scale dipole field could be reconstructed with high fidelity using our technique, if one has a measurement of the CMB temperature and a tracer of the electron distribution on these scales. [42] with six equally spaced redshift bins from the observer (z = 0) to reionization (z = 6). The comoving distance is given in units of H
Our choice of max = 3000 can be mapped to a set of requirements on the CMB instrument and large scale structure survey. For the CMB experiment, we assume that the instrumental noise contribution is gaussian and uniform on the sky, in which case the contribution to the power spectrum is
Assuming gaussian beams, the resolution requirement can be estimated from θ FWHM = (8 ln 2/ max ( max + 1)) 1/2 which yields θ FWHM 2.7 . At this resolution, if we are to capture fluctuations in the lensed primary CMB and kSZ autopower up to max = 3000, we require σ N 3.7 µK. These requirements fall within the resolutions considered for CMB Stage 4 experiments [32] of θ FWHM 1 − 3 arcmin and σ N θ FWHM ∼ 1 µK arcmin, with an expectation that foreground residuals do not dominate the signal until > ∼ 3000 [32] . Turning to the requirements on the large scale structure side, we assume that the measurement of the angular matter power spectrum is limited by shot noise due to discrete sampling of galaxies N gg α = 1/N αg , where N αg is the number of galaxies per square radian in the redshift bin α. This is a function of binning, but assuming the 6 bin scenario above ranges from 14 < N αg < 1600 (arcmin −2 ), with a greater density required at higher redshift. Euclid has a forecasted total galaxy number density of about N g ∼ 30 [58] , and LSST forecasts about N g ∼ 130 [33] . This may be sufficient to recover information from the redshift bins nearest to us. A more optimal binning strategy could be constructed for a particular survey, but it is likely that new techniques, such as intensity mapping, will be required to access the high redshift bins. For the galaxy survey specifications, we also make the assumptions that the galaxy number density is an unbiased tracer of free electrons and that redshift bins are much larger than redshift errors.
III. QUADRATIC ESTIMATOR FOR THE QUADRUPOLE FIELD
The same methodology that we used above for the kSZ can be used to reconstruct the CMB quadrupole field from the polarized SZ effect. The pSZ effect induces a correlation of the E-mode and B-mode CMB signal with the matter distribution. The CMB quadrupole field receives contributions from both scalar and tensor modes, which we forecast separately. The estimator described here has been previously presented in the context of detecting gravitational waves in [43] . [42] up to red shift z = 6. Note that the number of bins also changes the shot noise that is not included in these plots and can be too large for such a tight red shift binning.
A. Polarization from the CMB quadrupole field polarization is generated by the line-of-sight integral of the local CMB temperature quadrupole, i.e.
where q m,S eff and q m,T eff are the scalar and tensor contributions to the components of the temperature quadrupole moment at each position in space, respectively. If we expand (Q ± iU )( n) [55] , in complete analogy with what was done above for the kSZ effect, we find that the CMB polarization due to the pSZ effect from the inhomogeneous distribution of electrons is
Now we redshift bin the equation in the same way as above to obtain
Formally, q ±α ( n) should be interpreted as the average components of the quadrupole in each bin. However, since the correlation length for the quadrupole field is larger than any reasonable bin choice (see Appendix B), unlike in the kSZ case here we do not discriminate between the averaged and un-averaged field. The binned equation Eq. (25) is the starting point for the quadratic estimator of the quadrupole field q ± ( n, χ).
B. CMB to matter cross power spectrum due to pSZ From Eq. (25), it follows that the pSZ contribution to the CMB polarization is given by
We decompose the CMB perturbations from pSZ in E-and B-modes,
and equivalently for the remote quadrupole field
Note that if the remote quadrupole field is sourced only by scalar perturbations then a q,+α m = a q,−α m and a q,Bα m = 0, but still a B m = 0. That is, a purely E-mode type quadrupole field gives rise to both E-mode and B-mode power due to the spatial variations in optical depth [56] . The PSZ contribution to the CMB is then [43] 
where we defined
We can now calculate the cross correlation of CMB E-and B-modes with the τ field as
We pulled a q,E L1M1 and a q,B L1M1 out of the correlators because they are the background fields that we want to estimate, not statistical quantities. Again, since we are considering large red shift bins, we can assume that
and obtain
The sum in L 1 , M 1 is dominated by very low , since the quadrupole field has only low multipole contributions.
C. Estimator and variance of the quadrupole field
Based on Eq. (39) and (40), we can construct an estimator of form
where X = {E, B}. In analogy with the case above we find
The definition of signal and noise is the same as in the case of kSZ tomography discussed above, i.e. N E,B is the contribution we would get from statistical fluctuations if there were no remote quadrupole field. The expected signal-to-noise per quadrupole field mode is
which corresponds to the expected number of "sigmas" of a detection.
D. Signal-to-noise forecast
Quadrupole field signal and noise
Our signal is the projected quadrupole field a 
The transfer function ∆ q (k, χ) is reviewed in Appendix C and discussed in detail in [44] . It is dominated by the SachsWolfe effect, i.e. the primary CMB anisotropy. In this case, there is a pure E-mode component of the quadrupole field. In the presence of primordial gravitational waves, there will also be a contribution to both the E-mode and B-mode components of the quadrupole field. This was first explored in Ref. [43] . We present a derivation of these contributions in Appendix D, where the final result is: From the multipoles, assuming equal amplitudes for the two gravitational wave polarization states we obtain the signal power spectra:
The τ field is given in terms of its power spectrumC ∆τ ∆τ as in the previous section. The polarization field has the CMB power spectraC EE andC BB , which includes primary CMB and lensing.
Forecast
Here, we make a cosmic variance limited forecast for the E-mode component of the quadrupole field sourced by scalar perturbations as well as the E-and B-mode components of the quadrupole field sourced by tensors. We assume a cosmic variance limited measurement of the lensed E-mode and lensing B-mode power of the CMB polarization anisotropies to a value of max = 3000, as well as a measurement of the matter power spectrum at this resolution. We use the same 6-bin configuration as assumed for the kSZ case above.
In Fig. 2 , we show the per-mode signal to noise for the scalar sourced E-mode quadrupole field. In the left panel, we include information both from the E-and B-mode polarization anisotropies in the CMB. Here, it can be seen that a high fidelity reconstruction of the quadrupole field can be made over a range of multipoles over all redshift bins. For comparison, in the right panel we show the per-mode signal to noise including only E-mode polarization anisotropies. Clearly, the far smaller amplitude of the lensed B-modes over this range of multipoles is essential for a high-fidelity reconstruction 2 . In Fig. 3 , we show the per-mode signal to noise for the tensor sourced E-mode (left) and B-mode (right) components of the quadrupole field for max = 3000 (top) and max = 5000 (bottom) with the 6-bin configuration used above. Here we assumed a fiducial value r = 0.1. It is easy to linearly rescale the signal to noise to other values of r. Focusing on the E-mode component of the quadrupole field, for max = 3000 the signal to noise is order one for a number of redshift bins, with the signal to noise falling more steeply with at low redshift. Therefore, a reconstruction of the first mode is in principle possible. Because the B-mode component of the quadrupole field vanishes at low redshift m for a cosmic variance limited experiment with max = 3000, using the redshift binning in table I. Left: using E-and B-modes. Right: using only E-modes. This illustrates the power of B-modes for this application.
(see Eq. (50)), there is very little signal in the first few bins in the plots on the right. A measurement of the B-mode component of the quadrupole field therefore requires relatively high redshift surveys. Increasing the resolution to max = 5000 increases the signal to noise by roughly a factor of 10. In this case, it is possible to obtain a high fidelity reconstruction of the first few modes of the quadrupole field due to tensors. As explained in section II C 3, the upper bound on the summation, max , represents the resolution scale and can be mapped roughly to experimental specifications. In this case, the resolution for max = 3000 is as above, with θ FWHM 2.7 for gaussian beams. However, the sensitivity requirements are far more stringent. To obtain both the lensed E-mode and lensing B-mode power out to max = 3000, the noise requirement is σ N 0.12 µK per beam, which is roughly a factor of three short of what is planned for CMB S4. The higher resolution case of max = 5000 will be even more demanding in terms of resolution and sensitivity. However, the modulated CMB E-mode polarization anisotropies (and some range of the modulated CMB B-modes) at this resolution are within the reach of CMB S4, which will provide constraining power somewhat short of what is presented in Fig. 3 .
IV. PRINCIPAL COMPONENT ANALYSIS
Our signal, the effective dipole field and the remote quadrupole field, is correlated between different red shift bins. This correlation is in particular strong for the remote quadrupole field, i.e. there is a modest number of independent quadrupoles contained in the observable universe. To quantify how much degenerate information we obtain from our estimators, we performed a principal component analysis (PCA). The PCA for the dipole and quadrupole fields are based on the signal covariance matrices Eq. 18 and 54 respectively, which are N ×N matrix where N = N bins (2 +1), of which most elements are zero. Here, we consider only scalar contributions to the quadrupole field. Based on the covariance matrix, we plot the "explained variance" as a function of the number of PCA components, which is the usual diagnostic for the number of components in a PCA. For the kSZ case we choose max = 10 and for the pSZ case max = 7, motivated by the signal-to-noise forecasts above. The results are shown in Fig. 4 . As expected, in the case of the quadrupole field most of the structure is described by a very small number of modes, due to the large correlation length. This is consistent with previous observations to this effect [1, 48] . A greater number of independent modes are available from the dipole field, which is sensitive to somewhat smaller scales, and therefore has a larger correlation length. We stress, however, that the modes probed by the remote dipole and quadrupole are different than those probed by the primary CMB on large angular scales, as they involve information from the volume enclosed by the past light cone, as opposed to a projection onto the past light cone.
V. PROBES OF HOMOGENEITY
Above, we have established that the largest modes of the dipole and quadrupole fields can be measured with the highest signal to noise. What might we learn from the measurement of these modes? Below, we explore two possible applications that might be addressed with a first measurement: reconstructing the primordial CMB dipole and testing statistical homogeneity of the observable Universe using the quadrupole field. Beyond the first detected modes, with more information it becomes possible to use observations of the remote dipole and quadrupole fields to reconstruct the primordial gravitational potential on large scales, as we also outline here.
A. Reconstructing the primordial CMB dipole
In contrast to the higher multipole moments of the CMB, the observed CMB dipole is determined almost entirely by structure on non-linear scales, e.g. the peculiar velocity induced by solar-system, galactic, group, and cluster scales. This is the kinematic CMB dipole. There is, however, a contribution from linear scales which we refer to here as the "primordial dipole". Note that there exists some ambiguity in the precise definition of the kinematic and primordial dipole because the overall observed dipole can be boosted to any desired value, at the price of inducing aberration of the primary CMB anisotropies (among other effects such as the moving lens effect; see Ref. [18] for an extended discussion). Moreover, different observables will be sensitive to different components of the dipole. For example, the lensing reconstruction method introduced in Ref. [59] and the spectral method described in [60, 61] are sensitive to the CMB dipole observed in a frame with vanishing aberration of the primary CMB anisotropies. In any case, the various primordial dipoles can be unambiguously related back to the underlying inhomogeneities in one's favourite gauge (see e.g. [42] ).
The first modes we might hope to reconstruct using kSZ tomography,v 1 eff,1m at low redshift, provide a direct measurement the local primordial dipole. To see this, first decompose the dipole field v eff , defined by
into a weighted sum of local dipole components
The introduces an additional smoothing of smallscale velocities due to cancelation along the line of sight. In a redshift bin large enough to encompass linear scales, the kinematic dipole components average out, and the estimator for the averaged dipole field is a measure of the average primordial dipole in the volume. Because the correlation length of the averaged field is, by definition, large on the scales of the redshift bin, a measurement ofv 1 eff,1m can be used as an estimate of the components of the locally observed primordial CMB dipole. As we have seen in Sec. II C 3, it is possible to achieve a very high signal to noise detection ofv 1 eff,1m , and therefor a high signal to noise detection of the local primordial dipole.
B. Testing statistical isotropy using the CMB quadrupole
Using the Commander approach, the Planck 2015 data yield a central value for the power in the CMB quadrupole of C measured 2 = 253.6 µK [62]. This can be compared with the theoretical prediction for the best-fit ΛCDM model [63] of C ΛCDM 2 = 1123.6 ± 355.393 µK, where we have included the theoretical cosmic variance error bar. The measured value is a factor of roughly 4 smaller than the theoretical prediction, and the degree to which the measured value for the CMB quadrupole is anomalously low has been debated since it's first measurement by the COBE satellite [64] . Although it is still entirely consistent to take the position that we simply inhabit a rare realization [65] , the low quadrupole may be a hint of new physics on ultra-large scales.
The first modes measured by pSZ tomography can be used to test the hypothesis that observers at other locations measure a quadrupole consistent with our own, and therefore that we do not inhabit a special location in the Universe. Because of the large correlation length of the quadrupole field (see appendix B), a measurement of a q,E1 2m , the = 2 moments of the E-mode type quadrupole field in the first redshift bin, should closely match our observed CMB quadrupole. However, the large correlation length is a consequence of the assumption of statistical homogeneity on large scales. Therefore, this first measurement will provide an check of this assumption. A more systematic check would involve a measurement of the bin-to-bin correlation of the = 2 moments of the E-mode type quadrupole field. Given the possibility of a relatively high signal to noise detection, as outlined in Sec. III D 2, this could be among the first applications of pSZ tomography.
C. Primordial potential from the remote dipole and quadrupole fields
Above, we estimated a map of the remote CMB dipole and quadrupole fields, we show how such a measurement can be transformed into an estimate of the primordial potential at the same scales. This was first worked out in [66] which we review and generalize here. To reconstruct the primordial potential Ψ, the appropriate coordinates for Ψ are spherical harmonics with the observation point at the origin, i.e. Ψ( n, χ) = m ψ m (χ)Y m ( n). The dipole and quadrupole fields depend primarily on linear scales, and one can therefore find a linear transformation between a m and the reconstructed underlying ψ m . Assuming statistical isotropy and homogeneity, the transformation O X,α is a function of and χ only, where X =v, q the dipole and quadrupole fields, and α labels the redshift bin. The reconstructed primordial field is thus of form
analytically by minimizing the expected deviation of the reconstructed field from the true ψ m (χ) as
which is solved by
where the C XY αβ are the possible auto and cross power spectra of the binned dipole and quadrupole fields and
where ∆ X,α (k) are the transfer functions for X = q,v in redshift bin α and P (k) is the primordial scalar power spectrum. Applying these equations, one can in principle assemble a 3d map of the primordial potential on large scales. One can incorporate the measurements of the low multipole temperature and polarization moments of the primary CMB with the information from the dipole and quadrupole fields to improve the reconstruction. We explore this reconstruction problem further in future work.
VI. CONCLUSIONS
In this paper we presented a method to extract large-scale information about the universe from the kinetic and polarized Sunyaev Zel'dovich effects in a unified way. We constructed optimal quadratic estimators for the remote dipole and quadrupole fields using the cross correlation of CMB and large scale structure. For the calculation of the signal we used the results from our previous publications [42, 44] , except for the tensor contribution to the quadrupole field which we added in appendix D. This gives a complete description of these large-scale observables which we will explore further for cosmological applications in the future. In the case of the kSZ effect, we found that the dipole field can be reconstructed mode by mode over a variety of scales with high fidelity for a cosmic variance limited experiment with max = 3000 in CMB temperature and matter, assuming measurements on the full sky and no foregrounds. In the case of the remote quadrupole field an equivalent cosmic variance limited experiment in polarization can reconstruct the remote quadrupole field from scalar perturbations mode by mode with approximately a factor of ten less signal to noise than the kSZ case, depending on the angular scale under consideration. Although the signal is far smaller, this is possible because the noise from the primary and lensing B-mode CMB polarization is correspondingly small. We have also examined how the quadrupole field from tensor modes can be measured, finding that max > 3000 is necessary for a mode-by-mode reconstruction at a signal to noise of roughly one for the largest scale modes assuming a tensor to scalar ratio r = 0.1. This resolution may be sufficient to provide a detection of tensors for a slightly smaller tensor to scalar ratio, but higher resolution is required for a high fidelity reconstruction on a mode-by-mode basis.
We have also presented some of the potential first applications of a measurement of the remote dipole and quadrupole fields. In particular, it should be possible to measure the local CMB dipole sourced by linear scales (what we refer to as the "primordial dipole") and to test the statistical homogeneity of the Universe with the first modes detected at the lowest redshifts reconstructed using kSZ and pSZ tomography respectively. A high fidelity reconstruction of the dipole and quadrupole fields also opens the possibility of reconstructing a 3-D map of the primordial potential and the tensor field, and we presented a generalization of the reconstruction methods of Ref. [66] that would be well-suited to this task.
The results of this paper illustrate the exciting opportunity to learn more about the largest observable scales from the statistics of small-scale fluctuations. The next generation of CMB experiments is well-poised to take advantage of the this opportunity, motivating a more realistic suite of forecasts tailored to these efforts, and further exploration of the range of early-Universe and large-scale physics that can be probed with new observables. We hope that our results can contribute to a new sense of optimism for the prospects of learning a great deal more about the early Universe in the near future. from this plot that the quadrupole field at L = 2 within a redshift bin (here we used 6 bins) is essentially constant. This property holds over a variety of multipoles, as discussed in Ref. [44] . Therefore the bin-average quadrupole field for all practical purposes can be identified with the un-averaged field. The second plot shows the un-averaged L = 1 moment of the dipole field. Here the correlation length is much smaller, due to the Doppler contribution from small-scale velocities. If the correlation length is smaller than the bin size then, due to cancellations within the bin, the averaged field will have substantially smaller power than the un-averaged field. The bottom plot shows that for L = 5, in particular for the low red shift bins, this condition is strongly violated, and we expect a much smaller signal in the mean field. We quantify this effect on the signal in Fig. 6 by comparing the un-averaged and averaged power spectra. Here, it can be seen that at L = 1, the power in the averaged and un-averaged dipole field is comparable for both a 6-bin and 24-bin configuration, while for L = 5 there is a substantial difference, especially for the 6-bin case. This effect was also seen in the simulations performed in Ref. [42] . These results illustrate the importance of distinguishing the bin-averaged and un-averaged power when characterizing the dipole field signal. and then decompose into + and × components
where µ ≡ k · n. These two components can further be expanded into multipoles using
where P are the Legendre polynomials. The latter can be expressed in terms of spherical harmonics as
For k = z, µ is simply equal to cos θ with (θ, φ) being the angles associated with the n vector. In this case, the decomposition (D4) can be easily rewritten in terms of spherical harmonics using the following relations
For a general wavenumber k, this result can be actively rotated using the Wigner rotation operator D. The rotation of spherical harmonics satisfies DY m = m D m m Y m , where the Wigner rotation matrix is related to the spinweighted spherical harmonics according to
The expressions in Eqs. (D7)-(D8) generalize to
This allows for Θ T (k, n) to be expressed entirely in terms of spherical harmonics:
Our interest is determining the contribution of Θ T (+,×) (k, n) to the effective quadrupole q m,T eff ( n e , χ). One can verify that when Eq. (D12) is replaced into Eq. (D3) and then into Eq. (D2), there will be a product of 5 spherical harmonics: three with argument n and two with argument k. The integral over n is performed using the triple product identity for the Wigner 3-j symbols. This gives
Note that the selection rules for the 3-j symbols above imply that we need = 0, 2, 4 and m + m − m = 0. The products of spherical harmonics with argument k can be simplified using the identity,
which when applied on the + component results in,
Here the selection rules imply S = ±2. The sum over the first Wigner 3-j symbol in Eq. (D13) and the first Wigner 3-j symbol in Eq. (D15) can be simplified using orthogonality relations, yielding
Eqs. (D13), (D15), (D16) lead to the following expression for the + component of the tensor contribution to the effective quadrupole
where we evaluated the non-zero 3-j symbols at = 0, 2, 4. The expression for the × component is obtained with the replacements Θ
. The next step is to express the th moment due to tensor perturbations as
where ∆χ(a) = − a ae da [H(a )a 2 ] −1 and the metric perturbations, h (+,×) , are defined as
When the result in Eq. (D18) is replaced into the quadrupole (D17), the recursion relations for the spherical Bessel functions, (2 + 1)j (x) = xj −1 (x) + xj +1 (x), allow for a simplification. If applied twice, the recursion relations imply,
which yields a simple expression for the quadrupole,
with the kernel defined as
It will be convenient to define a total effective quadrupole as the sum of the projections on the spin-weighted basis:
We also will make use of the multipolar expansion of this quantitỹ
This relationship can be inverted to solve for the multipole coefficients,
Using the result from Eqs. (D21) and (D23), Eq. (D25) becomes
Expanding the exponential with the identity,
there will be five spherical harmonics: three with argument n e and two with argument k. The former yield
For the remaining two spherical harmonics with argument k, we can use the identity in Eq. (D14) to express them as just one spherical harmonic:
When the results of equations (D28) and (D29) are combined in (D26), the four Wigner 3-j symbols can be simplified as follows:
where we used the selection rule of the 3-j symbols M + m − m = 0, and
The result thus far reads,
This expression can be further simplified with the selection rule | − 2 |≤ L ≤ + 2. This implies that for all ≥ 2, only the terms L = − 2, − 1, , + 1, + 2 will contribute. The 3-j symbols can then be expressed in each case as:
= − i ( + 1)( + 2) 4(2 + 1)(2 − 1)
Some recursion relations are now required:
j (x) x 2 = j −2 (x) (2 + 1)(2 − 1) + 2 j (x) (2 + 3)(2 − 1) + j +2 (x) (2 + 1)(2 + 3) ,
j (x) x = j −2 (x) (2 + 1)(2 − 1) + j (x) (2 + 3)(2 − 1) − ( + 1)j +2 (x) (2 + 1)(2 + 3) ,
j (x) = ( − 1)j −2 (x) (2 + 1)(2 − 1) − (2 2 + 2 − 1)j (x) (2 + 3)(2 − 1) + ( + 1)( + 2)j +2 (x) (2 + 1)(2 + 3) .
The first two relations allow for the L = ± 1 terms to be written as
A simplification occurs for the L = − 2, , + 2 terms relying on the last three recursion relations, − ( − 1) 4(2 + 1)(2 + 3) j +2 − ( + 1)( + 2) 4(2 + 1)(2 − 1) j −2 (kχ) + 3( + 2)( − 1) 2(2 − 1)(2 + 3) j (kχ) (D44)
Combing the above relations one finds: (see table I ). In deriving these expressions we have used the fact that the + and × polarizations do not mix ( G q T,+ (k, χ) G q T,× (k , χ ) = 0), and we have rewritten the kernel explicitly in terms of the primordial tensor power spectrum P h . To this end, one can define a tensor growth function, D T , as
where h i,(+,×) (k) is the primordial tensor perturbation. This allows for the kernel in Eq. (D22) to be rewritten as 
hence one finds
